Abstract. This paper deals with the notion of grade of ideals with respect to torsion theories defined via some homological tools such as Ext-modules, Koszul cohomology modules,Čech and local cohomology modules over commutative rings which are not necessarily Noetherian. We also compare these approaches of grade.
defined via some homological tools such as Ext-modules, Koszul cohomology modules, Cech and local cohomology modules. We denote such notion of grade, respectively, by T − E. grade R (a, M ), T − K. grade R (a, M ), T −Č. grade R (a, M ) and T − H. grade R (a, M ) (these terms are explained in Definition 2.5 below). The following is our first main result in this paper (see Theorem 3.5 and Proposition 3.6): Theorem 1.1. Let T be a torsion theory of R-modules, a a finitely generated ideal of R and M an R-module. The following holds: Half centered torsion theories are introduced in [11] . Let L be an R-module and consider the following torsion theory:
In view of [4, proposition 2.10], every half centered torsion theory is of this type. Recall from [13] that an R-module M is called weakly Laskerian, if each quotient of M has finitely many weakly associated prime ideals. Concerning the grade of ideals with respect to half centered torsion theories, the following is our second main result in this paper (see Theorem 4.7): Theorem 1.2. Let T be a half centered torsion theory, a a finitely generated ideal of R and M a weakly Laskerian R-module. Then T − c. grade R (a, M ) = T − K. grade R (a, M ).
Different definitions of grade with respect to torsion theories
We begin our work in this paper by setting notation and recalling some notions. Definition 2.1. A family T of R-modules is called torsion theory, if T is closed under taking submodules, quotients, extensions and closed under taking the directed limit. Let x := x 1 , . . . , x r be a finite sequence of elements of R and letČ(x; M ) be theČech complex of M with respect to x, i.e.,Č(x; M ) is as follows:
We denote the i-th cohomology module ofČ(x; M ), by H i x (M ). Let a be an ideal of R.
Remark 2.3. Let a be a finitely generated ideal of R with a generating set x := x 1 , . . . , x r . It is worth to recall from [21, Theorem 1.1] that H i a (−) and H i x (−) are not necessarily the same.
Let x = x 1 , . . . , x r be a finite sequence of elements of R. For an R-module M , K • (x) stands for the Koszul complex of R with respect to x. By K • (x; M ), we mean Hom R (K • (x), M ). We denote the i-th cohomology of K • (x; M ), by H i (x; M ). The symbol N 0 will denote the set of nonnegative integers.
Lemma 2.4. Let a be a finitely generated ideal of R and M an R-module. Suppose that 
, where y is a finite sequence with rad(xR) = rad(yR) (see [15, Proposition 2.1(e)]). Definition 2.5. Let M be an R-module and a a finitely generated ideal of R with a generating set x := x 1 , . . . , x r . We defineČech grade, Ext grade, Koszul grade, local cohomology grade and classical grade of a on M with respect to T, respectively, by the following forms:
|there exists a weak M-sequence in a with respect to T of length ℓ}.
Here inf and sup are formed in Z ∪ {±∞} with the convention that inf ∅ = +∞ and
3. Proof of Theorem 1.1
Theorem 3.5 is our first main result. To prove it, we need a couple of lemmas.
Lemma 3.1. Let T be a torsion theory, a a finitely generated ideal of R and M an Rmodule. Then the following assertions are equivalent:
(ii) ⇒ (i): Suppose on the contrary that T − E. grade R (a, M ) > 0 and look for a contradiction. By induction on n, we show that (0 : M a n ) ∈ T. The case n = 1 follows from T − E. grade R (a, M ) > 0. Suppose, inductively, we have established the result for n.
Note that a n is finitely generated, let a n = (x 1 , . . . , x ℓ )R. The assignment m → f (m) := (x 1 m, . . . , x ℓ m) defines the following R-homomorphism:
Consider the following exact sequence (i) We say that {F i } i≥0 has T-restriction property, if F i (M ) ∈ T for all M ∈ T and i ≥ 0.
(ii) Grade of an R-module M with respect to {F i } i≥0 is defined by
The following acyclicity Lemma is motivated by a famous Lemma of Peskine and Szpiro [17] . Our method to prove it are inspired by [24, Proposition 1. 
be a complex of R-modules. If for all 1 ≤ i ≤ s we have:
Proof. For each 1 ≤ i ≤ s, set T i := coker d i+1 and K i := ker d i . By decreasing induction on s, we show that for each 0 < r ≤ s, we have
Let r = s. We have T s = C s . So by our assumption, its enough to show that
Note that F 0 is left exact, because {F i } i≥0 be a negative strongly connected sequence of covariant functors. This combining with the monomorphism H s (C • ) ֒→ C s implies the following monomorphism:
In view of F − C s ≥ s > 0, we have F 0 C s ∈ T. Hence F 0 H s (C • ) ∈ T, and consequently
By using the assumption of Lemma, we have
Now, suppose inductively, that 0 < r < s and
In order to use the induction hypothesis, consider the following two exact sequences:
So, we have two exact sequences:
where T r+1 is the quotient of T r+1 by H r+1 (C • ). Also,
From the first short exact sequence we have the following exact sequence:
Since F − (T r+1 ) ≥ r + 1 and F − (C r ) ≥ r we find that F − (T r ) ≥ r.
The second short exact sequence induces the following exact sequence:
We know that F − (T r+1 ) ≥ r + 1 and F − (C r ) ≥ r. So, we have
From ( * ) we get that
is precisely what we wish to prove.
Recall that a ring is coherent if each of its finitely generated ideals are finitely presented.
Lemma 3.4. Let T be a torsion theory, y := y 1 , . . . , y r a finite sequence of elements of R and M an R-module. Let a := yR. If M ∈ T, then the following holds.
Proof. (i): Let S be a multiplicative closed subset of R. One can find from [20, Section
So Hom R (Rs, M ) ∈ T and consequently lim − →s∈S Hom R (Rs, M ) ∈ T. This shows that
(ii): Consider the exact sequence F → R → R/a → 0, where F is a free R-module of finite rank. Such a sequence exists, because a is finitely generated. One may find
This is straightforward from the definition of Koszul complex and we leave it to the reader.
of R/a consisting of finitely generated free modules (see [14, Corollary 2.5.2]). Clearly,
Let i be an integer. Note that a n is finitely generated for all n. Then, in view of part (iv), we have Ext i R (R/a n , M ) ∈ T for all n. Therefore,
Note that T is closed under taking direct limit.
Theorem 3.5. Let T be a torsion theory of R-modules, a a finitely generated ideal of R and M an R-module. The following holds:
Proof. (i): Let x be a generating set of a. First we show that
Without loss of generality we can assume that s < ∞. Suppose that 
This contradiction completes the proof of ( * ).
Next we show that T −Č. grade R (a, M ) ≤ T − K. grade R (a, M ) =: s. Without loss of generality we can assume that s < ∞. Suppose that
Clearly, {F i (−)} i≥0 is a negative strongly connected sequence of covariant functors. By Lemma 3.4, it has T-restriction property. One has
All the homology modules of C • are annihilated by a. So by Lemma 3.1, either
(ii): Clearly, {Ext 
. Also, note that the cohomology modules of C • t are annihilated by a. The reminder of proof is a repeating the proof of part (i).
(iii): By making straightforward modification of the proof of
one can prove that
In view of (ii), we have
In order to prove the reverse inequality, let x be a generating set for a and let n be an integer. Assume that y is a generating set for a n . By [15, Proposition 2.1(e)], H i x (M ) ∼ = H i y (M ), because rad(xR) = rad(yR). Thus T −Č. grade R (a n , M ) = T −Č. grade R (a, M ). In view of parts (i) and (ii), we have
So Ext i (R/a n , M ) ∈ T for all i < T − E. grade R (a, M ). Therefore,
Proposition 3.6. Let T be a torsion theory, a a finitely generated ideal of R and M an R-module. If x ∈ a is a weak M -regular sequence with respect to T, then
Proof. Assume that x is a generating set for a. Consider the following exact sequences
where f (m) = xm for all m ∈ M . Then, we have the following induced exact sequences:
By our assumption, (0 : M x) ∈ T. So it follows from Lemma 3.4 that H i (x, (0 : M x)) ∈ T for all i. Therefore by ( * ), we have
for all i.
Set t := T − K. grade R (a, M ) and let i < t − 1. Due to ( * * ) we have H i (x, M/xM ) ∈ T, and so
It is enough for us to show that H t−1 (x, M/xM ) / ∈ T. In order to prove this, we first note that:
Keep in mind that H t (x, (0 : M x)) ∈ T and H t (x, M ) / ∈ T. This combining with ( * )
shows that Im H t (x, π) / ∈ T. Consequently, ( * * * ) implies that Im ∆ t−1 ′ / ∈ T. Thus by inspection of ( * * ), we see that
The second assertion follows from the first. (
Proof. In view of Proposition 3.6, the only non trivial implication is (ii) ⇒ (i). By induction on n, we show that x is a weak M -regular sequence with respect to T. When n = 1, we have H 0 (x 1 , M ) ∈ T, and so x 1 is a weak M -regular sequence with respect to T. Now suppose that n > 1 and that result has been proved for all sequences of elements of R with length n − 1. Let x := x 1 , . . . , x n be a sequence of elements of
In view of Proposition 3.6,
Therefore, x n is a weak M/x ′ M -regular sequence with respect to T, and so x is a weak M -regular sequence with respect to T.
Proof of Theorem 1.2
Let M be an R-module. Recall that a prime ideal p is weakly associated to M , if p is minimal over (0 : R m) for some m ∈ M . We denote the set of all weakly associated prime ideals of M by wAss R (M ).
Lemma 4.1. Let T be a torsion theory and M an R-module. The following holds:
Proof. This is in [11] . However, we present a short proof of it here.
(ii) This follows by part (i), if we apply the fact that wAss R (M ) ⊆ Supp R (M ).
Definition 4.2. Denote the category of R-modules and R-homomorphism by R-Mod. Let S ⊆ R-Mod be a family of R-modules and M an R-module.
(i) S is called a Serre class, if it is closed under taking submodules, quotients and extensions.
(ii) Recall from [11] that a Serre class is called half centered, if it satisfies in the converse of Lemma 4.1.
It is worth to recall that torsion theories over Noetherian rings are half centered, see e.g. [4, Lemma 2.1]. The following example indicates that the torsion theory of almost zero modules with respect to a valuation is not half centered.
Example 4.3. Let (R, m) be a Noetherian complete local domain which is not a field and let R + denote the integral closure of R in the algebraic closure of its fraction field. One may find that R + is quasilocal. We denote its unique maximal ideal by m R + . It is well-known that R + equipped with a value map v : R + → Q ∪ {∞} satisfying the following conditions: 
In view of (a), we have
Therefore, T v is not half centered. (1) The set of zero-divisor of K is p∈wAss R (K) p ;
(2) p ∈ wAss R (K) if and only if pR p ∈ wAss Rp (K p ).
Now we prove the Lemma. (2), we see that pR p ∈ wAss Rp (L p ). This along with (1) and our assumption yield that
. In view of (1), it is enough to show that (2) implies that q ∈ wAss R (M/(x 1 , . . . , x i−1 )M ). We have R/q / ∈ T, because R/p / ∈ T. By applying our assumption, we get x i / ∈ q. This yields that x i /1 / ∈ qR p , as claimed. 
Proof. Let M be an R-module. Recall from [13] that M is called weakly Laskerian, if each quotient of M has finitely many weakly associated prime ideals. Now we are ready to prove Theorem 1.2.
Theorem 4.7. Let T be a half centered torsion theory, a a finitely generated ideal of R and M a weakly Laskerian R-module. Then T − c. grade
Proof. First note that by Proposition 3.6, T − c. grade
It follows from the maximality of x and Lemma 4.5 that a ⊆ p for some p ∈ T − wAss R (M/xM ). Keep in mind that a is finitely generated. In particular, R/a is finitely presented. Thus in view of [14, Lemma 7.1.6.], we see that
Lemma 4.1 implies that Hom R (R/a, M/xM ) / ∈ T, and so H 0 (a; M ) / ∈ T. Now, the conclusion follows from Lemma 4.6.
Remark 4.8. Let R be a coherent ring, T a half centered torsion theory and M a finitely presented R-module. Let x := x 1 , . . . , x n be a sequence of elements of R with the
Here we show that x is a weak Mregular sequence with respect to T. Indeed, in view of Corollary 3.7, it is enough to show that T − K. grade R (x 1 , . . . , x i , M ) ≥ i for all i. Let 0 ≤ j ≤ i and let p ∈ Supp(H j (x 1 , . . . , x i , M )). We shall achieve the claim by showing that R/p ∈ T. Suppose on the contrary that and R/p / ∈ T and look for a contradiction. In view of Lemma 4.6
(ii), we see that
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